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Let A be an arbitrary linear differential operator of the second or- 
der acting on functions on a (super)manifold M. In local coordinates 
A = | S ab d},d a + T a d a + R. The principal symbol of A is the symmet- 
ric tensor field S ab , or the quadratic function S = \ S ab pbp a on T*M. 
The principal symbol can be understood as a symmetric "bracket" 
on functions: {f,g} := A(fg) - (Af) g - (-l)*f f (Ag) + A(l) fg, 
where e = A is the parity of the operator A; in coordinates {/, g} = 
S ab dbf d a g(— l) a f . In the following by a bracket in a commutative al- 
gebra we mean an arbitrary symmetric bi- derivation. The problem is 
to describe all operators A with a given S ab , or, which is the same, all 
operators generating a given bracket {/, g}. Without loss of generality 
we set R = A(l) := 1 in the sequel. Initially we suppose that the 
operators act on scalar functions; operator pencils acting on densities 
of arbitrary weights will naturally appear in the course of study. Ev- 
erything is applicable to supermanifolds as well as to usual manifolds. 
For odd operators in the super case questions about identities of the 
Jacobi type arise. The problem is closely related with the geometry of 
the Batalin-Vilkovisky formalism in quantum field theory (description 
of the "generating operators" for an odd bracket). 

The first non-trivial observation is that Hormander's subprincipal 
symbol sub A = (dbS ba (— 1) 6<£+1 ) — 2T a )p a can be interpreted as an "up- 
per connection" in the bundle VolM. Precisely, j a = dbS ba (—l) b( - £+1 ' 1 — 
2T a has the transformation law 7°' = (7° + S ab db In j\ where 
J = ^=p- (the Jacobian), and it specifies a "contravariant derivative" 
V a p = (S ab db + 7 a )p on volume forms. The coordinate-dependent 
Hamiltonian 7 = sub A = j a p a plays the role of a local connection 
form. If the matrix S ab is invertible, then we can lower the index a and 
get a usual connection. (Let us stress that A acts on functions, and a 
priori there is no extra structure on our manifold. The bundle Vol M 
and an upper connection in it arise from the operator itself.) Thus, A 
is defined by a set of data: a bracket on functions and an associated 
upper connection in Vol M. 

Define the algebra of densities QJ(M) as the algebra of formal linear 
combinations of densities of arbitrary weights w G M. In QJ(M) there is 
a unit 1 and a natural invariant scalar multiplication. The scalar prod- 
uct is given by the formula: (ij>,x) = J M ^ es i.t~ 2 ' l l ) ( x ^)x( x ^)) Dx. 
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We specify elements of QJ(M) by generating functions ij)(x,t) defined 
on a manifold M. One can classify the derivations of QJ(M) [2]. A 
bracket of weier lit in 2J(M) is specified by a tensor (S* b ) = ( f a % ) 

on M, where S' ab gives a bracket on M, 7° gives an upper connection 
in Vol M associated with S ab , and the term 9 is a second order geo- 
metric object (depending on S ab and 7°), similar to the Brans-Dicke 
field in Kaluza-Klein type theories. A set of data S ab ,'y a ,6 is equiv- 
alent (non-canonically) to a set consisting of S ab , a vector field and a 
scalar. Operators in the algebra 9J(M) are written as operator pencils 
A w acting on u>-densities. A pencil A w is self-adjoint if (A w )* = Ai_ w . 
A second order differential operator in 9J(M) is represented by a qua- 
dratic pencil A w = A +wA+w 2 B, where A is a second order operator 
on functions, A and B having orders ^ 1 and 0. 

Theorem 1. For the algebra 3J(M) there is a one-to-one correspon- 
dence between brackets and second order operators with the self-adjoint- 
ness condition. To a bracket with the matrix S ab corresponds a "canon- 
ical pencil" 

A w = \ (S ab d h d a + (d h S ba (-l) b ^ + l) + ( 2w _ 1)7 aj Q a + 

w d a 7 a (-l) a ( £+1 ) + w(w -1)9). 

The corresponding operator in the algebra 23(M) is the Laplacian 
constructed from S ab and the canonical divergence on M There is 
a unique canonical pencil passing through an operator on to -densities 
with a given "non- singular" weight u>o 7^ 0, A pencil can be re- 
covered from an operator on functions up to w(w — l)f, where / is a 
scalar. 

Consider odd operators. To them correspond odd brackets. Notice 
that an odd symmetric bracket is transformed into an even antisym- 
metric bracket by the parity shift. If A is odd and ordA ^ 2, then 
ordA 2 ^ 3. The condition ordA 2 ^ 2 is equivalent to the Jacobi 
identity for the bracket generated by A. In this case D = (S, _) is a 
differential in C°°(T*M), and for an upper connection 7 = 7 a p a the 
notion of curvature makes sense: F = Dj. 

Theorem 2. An operator A is a derivation of the generated bracket 
(equivalently, ordA 2 ^ 1) if and only if Dj = 0. 

The flatness of 7 is "subsumed" by the Jacobi identity for a bracket 
in 9J(M) : 

Theorem 3. The Jacobi identity for an odd bracket in QJ(M) is equiv- 
alent to the equations (S,S) = 0, (S, 7) = ; (S, 9) + (7,7) = 0, 
(7, 9) = 0. (In such case also A 2 = Cx for some X £ Vect(M), which 
is automatically Poisson.) 

Corollary. If the odd bracket on M specified by S ab is non- degenerate, 
then the Jacobi identity for the bracket in 9J(M) implies 7 a = S ab ~fb, 
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9 = 7 a 7 a , where j a = —d a \np, and p = e A is a local volume form. 
Hence, A is defined by a bracket on M and an "effective action" A. 

The condition A 2 = in the odd symplectic case gives the Batalin- 
Vilkovisky equation for an action A. In the general odd Poisson case 
the "Batalin-Vilkovisky equations" are written for a pair of flat con- 
nections and possess a groupoid property. They describe a change of 
the operator A 2 on functions or A on half-densities PUEj- 

The theory can be generalized for operators and brackets of nonzero 
weight. It is interesting to consider a generalization for operators of 
higher order (where homotopy algebras should appear). 
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TEOMETPH5I AMOEPEHIJHAJIbHblX 
OnEPATOPOB H HEHETHblE OIIEPATOPbl 
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IlycTb A — npon3BOJi£>HbiH jiHHeHHbiH ^HcpcpepeHiniajibHbiH onepa- 
Top BToporo nopa^Ka, fleiicTByioiHHH Ha cbyHKHHH Ha (cynep)MHoro- 
o6pa3HH M. B jiOKajibHbix KOopflHHaTax A = | S ab dbd a + T a d a + R. 
rjiaBHbiH chmboji A ecTb CHMMeTpHHecKoe TeH3opHoe nojie S ab , HJIH 
KBa^paTHHHaa cbyHKHiia S = \ S ab pbp a n&T*M. rjiaBHbiH chmboji mo- 
jKeT noHHMaTbca KaK CHMMeTpnHHaa "cKoSKa" Ha cbyHKHHax: {/, g} : = 
A(fg) — (Af) g—{—l) e ^f (Ag)+A(l) fg, r^e e = A ecTb HeraocTb one- 
paTopa A; b Koop^HHaTax {/, g) = S ab dbf d a g(— l) a A ^ajiee cko6kou b 
KOMMyTaTHBHOH ajireSpe SyijeM Ha3biBaTb npoH3BOJibHoe chmmctphh- 
Hoe 6n,zi;H(p(pepeHii;HpoBaHHe. 3a;iaHa coctoht b onncaHHH b reoivieT- 
pHnecKHx TepMHHax Bcex onepaTopoB A c ^aHHbiM S ab , hjih, hto to 
ace caivioe, nopojKflaiomHx jjaHHyio CKoSKy {/, g}. He yMeHbinaa 06111;- 
hocth nojiojKHM Bnpejjb R = A(l) := 0. nepBOHanajibHO onepaTopbi 
npeflnojiaraiOTca ^eHCTByioiu,HMH Ha CKajiapHbie cbyHKiniH. Ilo xo^y 
^ejia y Hac ecTecTBeHHO noaBaTca nyHKH onepaTopoB, fleiiCTByiomHx 
Ha njiOTHOCTax npoH3BOJibHoro Beca. Bee paccMOTpeHHH npiiMeHHMbi 
KaK k oSbiHHbiM MHoroo6pa3HHM, TaK h k cynepMHoroo6pa3HHM. B cy- 
nepcjiynae fljia Henerabix onepaTopoB B03HHKaiOT Bonpocbi o TO>K^e- 
CTBax Tnna 5Iko6h. 3a^ana TecHO CBH3aHa c reoMeTpnen cbopMajiH3Ma 
BaTajiHHa-BnjiKOBbiCKoro b KBaHTOBofi Teopnn nojia (onncaHHe one- 
paTopoB, nopo^KjjaioiHHx HeneTHyio CKoSKy). 

IlepBoe HeTpHBHajibHoe HaSjiiojxeHHe coctoht b tom, hto xepMaHfle- 
poBCKHfi cySrjiaBHbiii chmboji sub A = (dbS ba (— 1) 6 ( £+1 ) — 2T a )p a mojkct 
6biTb HHTepnpeTHpoBaH KaK "BepxHaa cbh3hoctb" b paccjioeHHH Vol M. 
ToHHee, 7 a = dbS ba (— — 2T a HMeeT 3aKOH npeo6pa30BaHHH 
j a ' = (j a + S ab d b In J) J = ^ (aKoSnaH), h 3a^aeT "KOHTpa- 

BapnaHTHyio npoH3BO^Hyio" V a p = (S ab db + 7 a )p Ha cbopMax oSi-eMa. 
3aBHCHiii;HH ot CHCTeMbi Koop^HHaT raMHjibTOHHaH 7 = sub A = ^ a p a 
nrpaeT pojib jiOKajibHoii cbopMbi cb5I3hocth. Ecjih MaTpnua S ab o6pa- 

THMa, TO MOJKHO OnyCTHTb HHfleKC O H nOJiyHHTb 06bIKH0BeHHyK) CBH3- 

HOCTb. (IloJXHepKHeM, hto A ^eiicTByeT Ha cbyHKHiiax, a Ha MHorooS- 
pa3HH anpnopn HeT HHKaKOH ^onojiHHTejiBHOH CTpyKTypbi. PaccjioeHne 
Vol M h BepxHHH CBH3HOCTB b HeM noHBJiHiOTCH H3 caMoro onepaTopa.) 
TaKHM o6pa30M, A onpejxejiaeTCH HaSopoM ^aHHbix: CKoSKa Ha cbyHK- 
HHax h accoii^HHpoBaHHaji BepxHaa cbh3hoctb b VolM. 

l 
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Onpe^ejiHM aAse6py njiomHocmeu 93(M) KaK ajireSpy dpopiviajib- 

HblX JIHHeHHblX KOIVlSHHailHH nJIOTHOCTeH npOH3BOJIbHbIX BecoB w£R. 

B 93(M) ecTb eflHHHD,a 1 h ecTecTBeHHoe HHBapnaHTHoe CKajiapHoe 
yMHO>KeHne. CKajiapHoe npoH3BefleHne 3a,naeTca (popMyjioii: x) = 
j M R,es(t~ 2 if>(x, t)x{x, t)) Dx. Mm 3a,naeM sjieivieHTbi 93(M) npoH3BO- 
flamHMH (pyHKHHHMH ip(x,t), onpeflejieHHbiMii Ha MHoroo6pa3HH M. 
Mojkho KjiaccH(pHn,HpoBaTb flHdpdpepeHiiHpoBaHHa ajireSpbi 93(M) [2]. 
CKoSxa Beca b 93(M) 3a,a,aeTca TeH3opoM (S ab ) = ( ^ Q *2 e ) Ha M, 

r%e S 1 " 6 3a^aeT CKoSKy n& M, y a 3a,naeT accoiiHHpoBaHHyio c S ab Bepx- 
Hioio CBH3HOCTB b Vol M, a HJieH # ecTb reoivieTpHHecKHH oSteKT BTO- 
poro nopa^Ka (saBHcamiiH ot S ab h 7°), aHajiorHHHbiii nojiio BpaHca 
^HKKe b Teopnax THna Kajiyiibr-Kjieima. Ha6op flaHHbix S ab ,-f a ,e 
SKBHBajiGHTeH (HeKaHOHHHecKn) HaSopy, cocToameMy H3 S ab , BeKTop- 
Horo nana h CKajiapa. OnepaTopbi b ajireSpe 93(M) 3anncbiBaiOTcn 
KaK ny^KH onepaTopoB A w , flencTByioninx Ha u>-njiOTHOCTH. IlyHOK 
caMOConpa>KeH, ecjin (A TO )* = Ai_ TO . ^HcpdpepeHiinajibHbin onepaTop 
BToporo nopa^Ka b 93(M) npe,a,CTaBjiaeTca KBaflpaTHHHbiM nynKOM 
A w = A + wA + w 2 B, r^e A ecTb onepaTop BToporo nopa,nKa Ha 

(pyHKHHHX, a A H B HMeiOT nopaflKH ^ 1 H 0. 

Teopeivia 1. JJ^Afi aAse6pu 93 (M) cyu^ecmeyem 63auMHO-odH03HanHoe 
coomeemcmeue Meatcdy CKo6KaMU u onepamopaMU emoposo nopndKa c 
ycAoeueM caMOConpHMceuHocmu. Cko6kc c Mampui^eu S ab omeenaem 
nopoMcdaK>vj,uu ee "KanoHUHecKuu nynoK" 

A w = \ (S ah d h d a + (d h S ba {-\) b ^ + (2w - l) 7 a ) d a + 
w a a 7 a (-l) 5 ( £+1 ) +w(w- 1) e) . 

CooTBeTCTByioiu,HH onepaTop b ajireSpe 93(M) ecTb jianjiacnaH, no- 
CTpoeHHbiH no S ab h KaHOHnnecKon flnBepreHiinn Ha M [2]. Mepes 
onepaTop Ha u>o-hjiothocthx c flaHHbiM "HeocoSbiM" wo ^ 0, |, 1 npoxo- 
flHT eflHHCTBeHHbiii KaHOHHnecKHH nynoK. Ilo onepaTopy Ha dpyHKiinax 
nynoK BOCCTaHaBjiHBaGTca c tohhoctbio flo w(w — 1)/, r^e / CKajiap. 

PaccMOTpHM HeneTHbie onepaTopbi. Hm OTBenaiOT HeneTHbie cko6- 

KH. SaMeTHM, HTO HeneTHaa CHMMeTpHHHan CK06Ka CflBHrOM HeTHO- 

cth npeBpam,aeTca b neTnyio aHTHCHMMeTpnHHyio. Ecjih A HeneTeH, h 
ordA ^ 2, to ordA 2 ^ 3. YcjiOBne ordA 2 ^ 2 paBHOCHJibHO TOJK^e- 
CTBy 5Iko6h fljia ckoSkh, nopo>KfleHHOH A. B stom cjiyaae D = (S, _) 
ecTb flH(pdpepeHH;Haji b C°°(T*M), a ^jih BepxHefi cbh3hocth 7 = ^ a p a 
HMeeT CMbicji noHHTne kphbh3hm: F = D7. 

Teopeivia 2. A ecmt> du^xpepem^upoeaHue nopoMcdeHHoil um cko6ku 
(paeHocuAbHO ordA 2 ^ 1) mosda u moAbKO mozda, Kosda D7 = 0. 

IljiocKOCTb 7 "norjiom,aeTca" tok^gctbom 5Iko6h fljia ckoSkh b 93(M): 

Teopeivia 3. Tocncdecmeo Hko6u 3ah neuemnou cko6ku e 93 (M) pae- 
HocuAbHo ypaeneHUHM (S, S) = 0, (S, 7) = 0, (S, 9) + (7, 7) = 0, 
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(7,$) = 0. (IIpu amoM A^ = Cx djisi Henomoposo X G Vect(M), 
aemoMamuuecKU nyaccoHoea.) 

Cjie^CTBHe. Ecau HenemHaa cko6kcl na M , 3adaHHan S ab , neeupootc- 
dena, mo moMcdecmeo Hko6u 3ah cko6ku e QJ(M) eAeuem 7° = S abr fb, 
9 = 7 a 7a, sde 7 a = — d a In p, u p = e A ecmb AOKaAhnan cfiopMa o6neMa. 
TaKUM o6pa,30M, A onpedeAnemcH cko6kou na M u "acfkfjeKmueHUM 
deucmeueM" A. 

YcjiOBiie A 2 = b HeneTHOM CHMmieKTHHecKOM cjiynae ^aeT ypaB- 
HeHne BaTajiHHa-BHJiKOBbiCKoro Ha ^eiicTBHe A. B o6meM HeneTHOM 
nyaccoHOBOM cjiynae "ypaBHeHHH BaTajiHHa-BHJiKOBbiCKoro" nnniyTca 
no nape njiocKnx CBH3HOCTeii n oSjia^aiOT rpynnon^HbiM cbohctbom. 
Ohh onncbiBaiOT H3MeHeHne onepaTopa A 2 Ha (pyHKiniflx hjih A Ha 
nojiynjiOTHOCTax [1, 2]. 

Teopna o6o6m,aeTca fljia onepaTopoB h ckoSok HeHyjieBoro Beca. Hh- 
TepecHO paccMOTpeTb o6o6meHHe Ha cjiynaii onepaTopoB Bbicniero no- 
pa^Ka (r^e flOJi>KHbi noaBJiHTbca roMOTonHHecKne ajireSpbi). 
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